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THE 2-IWASAWA MODULE OF SOME IMAGINARY
TRIQUADRATIC FIELDS
MOHAMED MAHMOUD CHEMS-EDDIN
Abstract. The aim of this paper is to determine the structure of Iwasawa
module of some imaginary triquadratic fields of the form Q(
√
p,
√
q, i).
1. Introduction
Let ℓ denote a prime number. Let Zℓ be the additive group of ℓ-adic integers,
Λ = ZℓJT K and M a finitely generated Λ-module. It is known, by the structure
theorem, that there exist r, s, t, ni, mi ∈ Z, and fi distinguished and irreducible
polynomials of Zℓ[T ] such that
M ∼ Λr ⊕
(
s⊕
i=1
Λ/(ℓni)
)
⊕
(
t⊕
j=1
Λ/(fj(T )
mj)
)
.
Denote by k∞/k the cyclotomic Zℓ-extension of a number field k. For any
integer n ≥ 1, It is known that k∞ contains a unique cyclic subfield kn of degree
ℓn over k. The field kn is called the n-th layer of the cyclotomic Zℓ-extension of
k. Let An(k) denote the ℓ-class group of kn and consider the Iwasawa module
A∞(k) = lim←−An(k) which is a finitely generated Λ-module.
The determination of the structure of A∞(k), for a given number field k, is a
very difficult and interesting problem in Iwasawa theory. In this paper we shall
deal with this problem (in the case ℓ = 2) for some infinite families of number
fields of the form F = Q(
√
p,
√
q, i), where p and q are two primes satisfying one
of the following conditions:
q ≡ 7 (mod 8) and
(
p
q
)
= −
(
2
p
)
= 1. (1)
q ≡ 7 (mod 8), p ≡ 5 (mod 8) and
(
p
q
)
= −1. (2)
Let us adopt the following notations: εd (resp. h2(d)) the fundamental unit
(resp. the 2-class number) of Q(
√
d), h(k) (resp. h2(k)) the class number (resp.
2-class number) of a number field k, k+ the maximal real subfield of k, Cl(k) the
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class group of k, Ek the unit group of k, q(k) the unit index of a multiquadratic
number field k and Nk′/k the norm map of an extension k
′/k. Let FSU be the
abbreviation of fundamental system of units.
2. Unit groups of some real triquadratic number fields
In all this section we assume that p and q are two primes satisfying conditions
(1). Note that this is equivalente to q ≡ 7 (mod 8) and (p ≡ 3 or 5 (mod 8)).
This section is one of the key steps of the proof of Theorem 3.5, in which we shall
compute the unit groups and the 2-class numbers of some real triquadratic number
field of the form Q(
√
p,
√
q,
√
2). Let us start by recalling the method given by
[11] that describes a fundamental system of units of a real multiquadratic field K.
Let σ1 and σ2 be two distinct elements of order 2 of the Galois group of K/Q. Let
k1, k2 and k3 be the three subextensions of K invariant by σ1, σ2 and σ3 = σ1σ3,
respectively. Let ε denote a unit of K. Then
ε2 = εεσ1εεσ2(εσ1εσ2)2,
and we have, εεσ1 ∈ Ek1 , εεσ2 ∈ Ek2 and εσ1εσ2 ∈ Ek3. It follows that the unit
group of K is generated by the elements of Ek1 , Ek2 and Ek3 , and the square roots
of elements of Ek1Ek2Ek3 which are perfect squares in K.
Lemma 2.1 ([1], Lemma 5). Let d > 1 be a square-free integer and εd = x+y
√
d,
where x, y are integers or semi-integers. If N(εd) = 1, then 2(x + 1), 2(x − 1),
2d(x+ 1) and 2d(x− 1) are not squares in Q.
Lemma 2.2. Let p and q be two primes satisfying conditions (1) and assume that
p ≡ 5 (mod 8).
1. Let x and y be two integers such that ε2pq = x+ y
√
2pq. Then we have
i. p(x+ 1) is a square in N,
ii.
√
2ε2pq = y1
√
p + y2
√
2q and 2 = py21 − 2qy22, for some integers y1 and y2
such that y = y1y2.
2. Let a and b be two integers such that εpq = a+ b
√
pq. Then we have
i. 2p(a+ 1) is a square in N,
ii.
√
εpq = b1
√
p + b2
√
q and 1 = pb21 − qb22, for some integers b1 and b2 such
that b = 2b1b2.
3. Let c and d be two integers such that ε2q = c+ d
√
2q. Then we have
i. c + 1 is a square in N,
ii.
√
2ε2q = d1 + d2
√
2q and 2 = d21 − 2qd22, for some integers d1 and d2 such
that d = d1d2.
4. Let α and β be two integers such that εq = α + β
√
q. Then we have
i. α + 1 is a square in N,
ii.
√
2εq = β1 + β2
√
q and 2 = β21 − qβ22 , for some integers β1 and β2 such
that β = β1β2.
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Proof. Note that N(ε2pq) = 1. Then, by the unique factorization in Z and Lemma
2.1 there exist some integers y1 and y2 such that
(1) :
{
x± 1 = y21
x∓ 1 = 2pqy22, (2) :
{
x± 1 = py21
x∓ 1 = 2qy22, or (3) :
{
x± 1 = 2py21
x∓ 1 = qy22,
∗ System (1) does not occur since it implies 1 =
(
y2
1
p
)
=
(
x±1
p
)
=
(
x∓1±2
p
)
=(
±2
p
)
=
(
2
p
)
= −1, which is absurd.
∗ Similarly system (3) does not occur too since it implies 1 =
(
q
p
)
=
(
x∓1
p
)
=(
±2
p
)
=
(
2
p
)
= −1, which is absurd.
∗ Suppose that
{
x− 1 = py21
x+ 1 = 2qy22.
Then, 1 =
(
py2
1
q
)
=
(
x−1
q
)
=
(
x+1−2
q
)
=(
−2
q
)
= −1. Which is also impossible.
Therefore we have
{
x+ 1 = py21
x− 1 = 2qy22, which implies that
√
2ε2pq = y1
√
p+ y2
√
2q
and 2 = py21 − 2qy22.
We similarly proof the rest. 
Lemma 2.3. Let p and q be two primes satisfying conditions (1) and assume that
p ≡ 3 (mod 8).
1. Let x and y be two integers or semi-integers such that εpq = x + y
√
pq. Then
we have
a. 2q(x− 1) is a square in N,
b.
√
εpq = y1
√
q+y2
√
p and 1 = −qy21+py22, for some integers or semi-integers
y1 and y2 such that y = 2y1y2.
2. Let x and y be two integers such that ε2pq = x+ y
√
2pq. Then we have
a. 2q(a− 1) is a square in N,
b.
√
2ε2pq = b1
√
2q + b2
√
p and 2 = −2qb21 + pb22, for some integers b1 and b2
such that y = b1b2.
3. Let c and d be two integers such that ε2q = c + d
√
2q and let α and β be two
integers such that εq = α + β
√
q. Then we have
a.
√
2εq = β1 + β2
√
q and 2 = β21 − qβ22 , for some integers β1 and β2 such that
β = β1β2.
b.
√
2ε2q = d1 + d2
√
2q and 2 = d21 − 2qd22, for some integers d1 and d2 such
that d = d1d2.
4. Let c and d be two integers such that ε2p = c + d
√
2p and let α and β be two
integers such that εp = α + β
√
p. Then we have
a.
√
2εp = β1 + β2
√
p and 2 = −β21 + pβ22 , for some integers β1 and β2 such
that β = β1β2.
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b.
√
2ε2p = d1 + d2
√
2p and 2 = −d21 + 2pd22, for some integers d1 and d2 such
that d = d1d2.
Proof. Similar to that of Lemma 2.2. 
Now we can state the main result of this section.
Theorem 2.4. Let p and q be two primes satisfying conditions (1), and put
K = Q(
√
2,
√
p,
√
q). We have
1. If p ≡ 5 (mod 8), then
• EK = 〈−1, ε2, εp,√εq,√ε2q,√εpq,√ε2εpε2p, 4√ε2qεpqε2pq〉,
• The class number of K is odd.
2. If p ≡ 3 (mod 8), then
• EK = 〈−1, ε2,√εq,√ε2q,√εp,√ε2pq, 4√ε2qεpqε2pq, 4
√
ε22εqε2qεpε2p 〉.
• The class number of K is odd.
Proof. 1. Consider the following diagram (see Figure 1):
K = Q(
√
2,
√
p,
√
q)
OO ii
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘66
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
k1 = Q(
√
2,
√
p)
hh
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
k2 = Q(
√
2,
√
q)
OO
k3 = Q(
√
2,
√
pq)
55
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
Q(
√
2)
Figure 1. Subfields of K/Q(
√
2)
Note that by [2, Théorème 6] and Lemma 2.2, we have
• A FSU of k1 is given by {ε2, εp,√ε2εpε2p},
• A FSU of k2 is given by {ε2,√εq,√ε2q},
• A FSU of k3 is given by {ε2, εpq,√ε2pqεpq}.
It follows that,
Ek1Ek2Ek3 = 〈−1, ε2, εp, εpq,
√
εq,
√
ε2q,
√
εpqε2pq,
√
ε2εpε2p〉.
Since by Lemma 2.2, εpq is a square in K. So we shall find elements X ∈ K,
if they exist, such that
X2 = εa2ε
b
p
√
εq
c√ε2qd√εpqε2pqe√ε2εpε2pf , (3)
where a, b, c, d, e and f are in {0, 1}. Let τ1, τ2 and τ3 be the element of
Gal(K/Q) defined by
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τ1(
√
2) = −√2 τ1(√p) = √p τ1(√q) = √q
τ2(
√
2) =
√
2 τ2(
√
p) = −√p τ2(√q) = √q
τ3(
√
2) =
√
2 τ3(
√
p) =
√
p τ3(
√
q) = −√q.
Note that Gal(K/Q) = 〈τ1, τ2, τ3〉 and the subfields k1, k2 and k3 are fixed
by 〈τ3〉, 〈τ2〉 and 〈τ2τ3〉 respectively. We shall use norm maps from K to its
subextensions to eliminated the forms of X that do not occur.
• Let us apply NK/k2 = 1+ τ2 on the equality (3). Using Lemma 2.2 one gets
ε ε2 εp
√
εq
√
ε2q
√
εpq
√
ε2pq
√
ε2εpε2p
ε1+τ2 ε22 −1 εq ε2q −1 −1 (−1)uε2
So by applying the norm map NK/k2 = 1+ τ2, where k2 = Q(
√
2,
√
q), we get
NK/k2(X
2) = ε2a2 (−1)b · εcq · εd2q · 1 · (−1)fvεf2
= ε2a2 ε
c
qε
d
2q · (−1)b+fvεf2 > 0.
We have b + fv ≡ 0 (mod 2). By Lemma 2.2, the units εq and ε2q are
squares in k2 whereas ε2 is not. Then f = 0 and b = 0. Thus
X2 = εa2
√
εq
c√ε2qd√εpqε2pqe, (4)
• Now we shall apply NK/k4 = 1 + τ1, where k4 = Q(
√
p,
√
q). We have
ε ε2 εp
√
εq
√
ε2q
√
εpq
√
ε2pq
√
ε2εpε2p
ε1+τ1 −1 ε2p −εq −1 εpq −1 (−1)vεp
for some v ∈ {0, 1}. Then
NK/k4(X
2) = (−1)a · (−1)c · εcq · (−1)d · (−1)e · εepq
= εepq · (−1)a+c+d+e · εcq > 0.
Thus a+ c+ d+ e = 0 (mod 2). Since by Lemma 2.2, εq is not a square in
k4, then c = 0. Therefore,
X2 = εa2
√
ε2q
d√εpqε2pqe, (5)
with a+ d+ e = 0 (mod 2).
• Let us now apply NK/k5 = 1 + τ1τ3, where k5 = Q(
√
p,
√
2q). We have
ε ε2 εp
√
εq
√
ε2q
√
εpq
√
ε2pq
ε1+τ1τ3 −1 ε2p −1 −ε2q 1 −ε2pq
Then
NK/k5(X
2) = (−1)a · (−1)d · εd2q · (−1)e · εe2pq = (−1)a+d+e · εd2q · εe2pq > 0.
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Since
√
2 6∈ k5, then by Lemma 2.2, ε2q and ε2pq are not a squares in k5.
Thus e = d and so a = 0. Hence
X2 =
√
ε2q
d√εpqε2pqd,
with d ∈ {0, 1}.
Suppose that d = 0. Thus a FSU of K is
{ε2, εp,√εq,√ε2q,√εpq,√ε2pq,√ε2εpε2p}.
So q(K) = 25. We have h2(p) = h2(q) = h2(2q) = h2(2) = 1 and h2(2p) =
h2(pq) = h2(2pq) = 2 (cf. [6, Corollaries 18.4, 19.7 and 19.8]). Then by class
number formula (cf. [11]) we have
h2(K) =
1
29
q(K)h2(2)h2(p)h2(q)h2(2p)h2(2q)h(pq)h2(2pq)
= 1
29
· 25 · 1 · 1 · 1 · 2 · 1 · 2 · 2,
= 1
2
,
which is absurd. Hence d = 1 and q(K) = 26, which gives the first item.
2. We shall proceed as in the first item. Consider Figure 1.
Let τ1, τ2 and τ3 be the elements of Gal(K/Q) defined by
τ1(
√
2) = −√2, τ1(√q) = √q, τ1(√p) = √p,
τ2(
√
2) =
√
2, τ2(
√
q) = −√q, τ2(√p) = √p,
τ3(
√
2) =
√
2, τ3(
√
q) =
√
q, τ3(
√
p) = −√p.
Note that Gal(K/Q) = 〈τ1, τ2, τ3〉 and the subfields L1, L2 and L3 are fixed
by 〈τ3〉, 〈τ2〉 and 〈τ2τ3〉 respectively.
By Lemma 2.3, We have
• A FSU of k1 is {ε2,√εq,√ε2q},
• A FSU of k2 is {ε2,√εp,√ε2p},
• A FSU of k3 is {ε2, εpq,√εpqε2pq}.
Therefore
Ek1Ek2Ek3 = 〈−1, ε2, εpq,
√
εq,
√
ε2q,
√
εp,
√
ε2p,
√
εpqε2pq〉.
Since εpq is a square in K, then it suffices to find the elements ξ ∈ K, if they
exist, such that
ξ2 = εa2
√
εq
b√ε2qc√εpd√ε2pe√εpqε2pqf . (6)
where a, b, c, d, e and f ∈ {0, 1}.
• Put k4 = Q(√q,√p). Let us start by applying the norm NK/k4 = 1+ τ1 on
the equation (6). Using Lemma 2.3, we get
ε ε2
√
εq
√
ε2q
√
εp
√
ε2p
√
εpqε2pq
ε1+τ1 −1 −εq −1 −εp 1 −εpq
So
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NK/k4(ξ
2) = (−1)a · (−1)b · εbq · (−1)c · (−1)d · εdp · 1 · εfpq · (−1)f ,
= εfpq · (−1)a+b+c+d+f · εbq · εdp > 0.
Then a + b + c + d + f ≡ 0 (mod 2). By Lemma 2.3, εq and εp are not
squares in k4, whereas their product and εpq are. So b = d and a+ c+ f ≡ 0
(mod 2). Therefore
ξ2 = εa2
√
εq
b√ε2qc√εpb√ε2pe√εpqε2pqf . (7)
• Put k1 = Q(
√
2,
√
q), so NK/k1 = 1 + τ3. By Lemma 2.3 we have
ε ε2
√
εq
√
ε2q
√
εp
√
ε2p
√
εpqε2pq
ε1+τ3 ε22 εq ε2q −1 −1 1
Therefore,
NK/k4(ξ
2) = ε2a2 · εbq · εc2q · (−1)b · (−1)e · 1 = ε2a2 · εbq · εc2q · (−1)b+e > 0.
Thus b = e. It follows that
ξ2 = εa2
√
εq
b√ε2qc√εpb√ε2pb√εpqε2pqf ,
with a+ c+ f ≡ 0 (mod 2).
• Put k5 = Q(√p,
√
2q). Note that NK/k5 = 1 + τ1τ2 and by Lemma ?? we
have
ε ε2
√
εq
√
ε2q
√
εp
√
ε2p
√
εpqε2pq
ε1+τ1τ2 −1 −1 −ε2q −εp 1 −ε2pq
So we have
NK/k5(ξ
2) = (−1)a · (−1)b · (−1)c · εc2q · (−1)b · εbp · 1 · (−1)f · εf2pq,
= (−1)a+c+f · εc2q · εbp · εf2pq·
By Lemma 2.3, non of ε2q, εp and ε2pq is a square in k5, but the product of
each two of them is. Therefore c + b + f ≡ 0 (mod 2). Since a + c + f ≡ 0
(mod 2), then a = b. It follows that
ξ2 = εb2
√
εq
b√ε2qc√εpb√ε2pb√εpqε2pqf ,
and b+ c+ f ≡ 0 (mod 2).
On another hand, we have h2(q) = h2(2q) = h2(p) = h2(2p) = h(pq) =
h2(2) = 1 and h2(2pq) = 2 (cf. [6, Corollary 18.5] and [8, p. 345]). Then by
It follows by class number formula (cf. [11]) we have.
h2(K) =
1
29
q(K)h2(q)h2(2q)h2(p)h2(2p)h(pq)h2(2pq)h2(2)
=
1
28
· q(K).
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Assume that f = 0, then b = c and so the unit of L is
〈−1, ε2,√εq,√ε2q,√εp,√ε2p,√εpq,√ε2pq〉
or
〈ε2,√εq,√ε2q,√εp,√εpq,√ε2pq,
√
ε2
√
εq
√
ε2q
√
εp
√
ε2p〉,
Which implies that h2(K) =
1
4
or 1
2
. Which is absurd. Hence we have the
following possibilities:
(a) f = 1, a = 1 and b = 0,
(b) f = 1, a = 0 and b = 1.
Using the above equality one deduces easily that necessary these two cases
hold. Which completes the proof.

3. The cyclotomic Z2-extension
Let us recall some lemmas that will be useful in what follows.
Lemma 3.1 ([3]). Let p a prime such that p ≡ 5, 3 (mod 8) and m ≥ 1 an
integer. Then p decomposes into the product of 2 prime ideals of Kn = Q(ζ2n+2)
while it is inert in K+n .
Theorem 3.2. [9] Let F and K be CM-fields and K/F a finite 2-extension.
Assume that µ−(F ) = 0. Then µ−(K) = 0 and
λ−(K)− δ(K) = [K∞ : F∞]
(
λ−(F )− δ(F ))+∑(eβ − 1)−∑(eβ+ − 1),
where δ(k) takes the values 1 or 0 according to whether F∞ contains the fourth
roots of unity or not. The eβ is the ramification index of a prime β in K∞/F∞
coprime to 2 and eβ+ is the ramification index for a prime coprime to 2 in K
+
∞/F
+
∞.
Let rankℓ(G) denote the ℓ-rank of an abelian group G and µ(k), λ(k) denote
the Iwasawa Invariants of k. We have:
Theorem 3.3. Let K∞/k be a Zℓ-extension of a number field k and assume that
only one prime of k lies over ℓ and that this primes is totally ramified in K∞/k.
If µ(k) = 0 and lim←−An is an elementary Λ-module, then rankℓ(An) = λ(k) for all
n ≥ λ(k).
Proof. We have rankℓ(An) = λ(k), for n large enough and we have rankℓ(An) ≤
λ(k), for all n. Assume that rankℓ(Am0) ≤ λ(k) − 1 for some m0 ≥ λ(k). This
implies that necessary there is r ≤ λ(k) such that rankℓ(Ar) = rankℓ(Ar+1) and
therefore by [7, Theorem 1], rankℓ(An) = rankℓ(Ak+1) ≤ λ(k)− 1, for all n ≥ r.
Which is absurd. 
Lemma 3.4. Let p and q be two primes satisfying conditions (1) or (2). Set π1 =
2, π2 = 2 +
√
2,..., πn = 2 +
√
πn−1. Then, the 2-class group of Q(
√
p,
√
q,
√
πn)
is trivial for all n ≥ 1.
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Proof. Assume that p ≡ 5 (mod 8). Put k = Q(√p,√q). From Lemma 2.2 and
[5, Lemma 3.2] we easily deduce that q(k) = 2. Note that by class number formula
(cf. [11]) and the settings in Page 6 we have
h2(k) =
1
4
q(k)h2(p)h2(q)h2(pq) =
1
4
· 2 · 1 · 1 · 2 = 1.
By Theorem 2.4 and [5, Theorem 4.4] the class number of k1 = Q(
√
p,
√
q,
√
2)
is odd. Therefore the result follows by [7, Theorem 1]. We similarly proof the
result for the case p ≡ 3 (mod 8). 
Theorem 3.5. Let p and q be two primes satisfying conditions (1) or (2). Put
F = Q(
√
p,
√
q, i). Let An(F ) denote the 2-class group of the n-th layer of the
cyclotomic Z2-extension of F . Then the Iwasawa module A∞(F ) = lim←−An(F ) of
F is a Λ-module without finite part. If moreover q ≡ 7 (mod 16), then
• We have A∞(F ) ≃ Z32.
• rank2(An(F )) = 3, for all n ≥ 3.
Proof. Assume that p ≡ 5 (mod 8). Let Fn denote the n-th (n ≥ 1) layer of the
cyclotomic Z2-extension of F and An(F ) denote the 2-class group of Fn. Let us
define A+n as the group of strongly ambiguous classes with respect to the extension
Fn/F
+
n and A
−
n = An/A
+
n (cf. [10] for more details about this new definition).
Since the class number of F+n is odd (Lemma 3.4), then A
+
n is generated by
the ramified primes above 2. Since F1/F
+
1 is unramified, then Fn/F
+
n is also
unramified. Therefore A+n is trivial. So An = A
−
n . By [10, Theorem 2.5] there
is no finite submodule in A−∞. Hence A∞(F ) = A
−
∞ is a Λ-module without finite
part.
• Assume now that q ≡ 7 (mod 16).
Set Kn = Q(ζ2n+2) and K = Q(
√
q, i). Note that p splits into 2 prime ideals in
Q(
√
q) or Q(
√
2q). Since by Lemma 3.1, p splits into 2 primes of Kn and inert in
K+n , for n large enough, then p splits into 4 primes in Fn while it splits into 2 primes
in F+n . By [4, Theorem 4] we have λ
−(K) = 1. Since [F∞ : K∞] = [F
+
∞ : K
+
∞] = 2,
then by Kida’s formula (Theorem 3.2) applied on F/K we have
λ−(F )− 1 = 2(1− 1) + 4− 2.
Thus by Lemma 3.4 λ(F ) = λ−(F ) = 3. It follows that
A∞(F ) ∼
⊕
Λ/(fi(T )),
for some distinguished polynomials fi such that
∑
deg(fi) = 3. Since by the
division algorithm we have Λ/(fi(T )) ≃ Zdeg(fi)2 , then A∞(F ) ≃ Z32. Therefore,
Theorem 3.3 completes the proof.

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